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Abstract – We explore the behavior of two-dimensional patchy colloidal particles with 8 or 10
symmetrically arranged patches by employing Monte-Carlo simulations. The particles interact
according to an isotropic pair potential that possesses only one typical length. The patches lead
to additional attractions that are anisotropic and depend on the relative orientation of two neigh-
boring particles. We investigate the assembled structures with a special interest in quasicrystals.
We found that the patch width is of great importance: Only in case of narrow patch widths we
are able to observe metastable octagonal and decagonal quasicrystals, while dodecagonal qua-
sicrystals can also occur for broad patches. These results are important to understand the role of
interactions with preferred binding angles in order to obtain quasicrystals. Our findings suggest
that in case of sharp binding angles, as they occur in metallic alloys, octagonal and decagonal
symmetries might be observed more often than in systems with less sharp binding angles as it is
the case in soft matter systems where dodecagonal quasicrystals dominate.
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Introduction. – Quasicrystals, i.e. well-ordered
structures without periodic translational symmetry [1,
2], can possess any rotational symmetry including non-
crystallographic ones. In two dimensions, quasicrystals
with 5-, 8-, 10-, or 12-fold rotational symmetry possess
at least two incommensurate length scales as well as two
additional degrees of freedom termed phasons [3–8]. They
seem to build more likely than quasicrystals with other
symmetries [9, 10] that would possess even more degrees
of freedom (see, e.g. [7]).
In experiments, most quasicrystals have been found in
metallic alloys and provide icosahedral or – less often – 8-,
10- or 12-fold symmetry (see, e.g. [11, 12]). Soft matter
quasicrystals have been observed as well [13–18] and most
of them exhibit dodecagonal symmetry [18].
In simulations, quasicrystals can be stabilized, e.g.
by one-component particles interacting with an isotropic
pair potential with at least two incommensurate lengths
[19–26]. Another approach are patchy colloids (see, e.g.
[27]), i.e. particles with attractive regions at the surface.
The number, arrangement and width of such patches is
tunable. In recent simulations [28–30] many patchy col-
loids – even in case of 5 symmetrically arranged patches
per particle – assembled into quasicrystals with dodecago-
nal symmetry, which has been the only quasicrystalline
symmetry achieved in systems with patchy colloids. Let
us note that patchy colloids have also been realized in ex-
periments to study the self-assembly of complex structures
(see, e.g. [31, 32]).
In systems of patchy colloids the ordering preferred by
the isotropic part of the potential (with only one length
scale) competes with structures that possess the bind-
ing angles preferred by the patches. Competitions be-
tween different symmetries are known to lead to interest-
ing new phenomena, like the formation of Archimedean-
tiling phases [33–36], rhombic phases [37], or new types of
growth behavior [38, 39]. Here we report on similar inter-
mediate orderings of patchy colloids. However, our main
goal is to obtain quasicrystalline structures with octagonal
and decagonal symmetry. We will focus on the influence
of different patch widths on the final arrangements.
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Fig. 1: (a) and (b) Potential Vp(r, θk, θl) with patch widths
σ1 = 0.02 and σ2 = 0.29 and Lennard-Jones exponent n = 3.
The potential stabilizes octagonal quasicrystals in case of par-
ticle decorated with 8 patches (see next Section). (a) depicts
the potential as a function of the pair distance r/r0. The min-
imum is deepest if the patches are oriented towards each other
(solid line) and lowest for opposite patches (dashed line). (b)
illustrates the dependence of the potential on the binding an-
gle θk at fixed θl = 0 and r = r0. Once the narrow patches
are oriented towards each other, i.e. the potential minimum
is reached, the broad patches do not have an influence on the
structure anymore. (c) Particles with 8 symmetrically arranged
patches.
Method. – We consider an interaction potential that
is similar to the ones previously used to investigate self-
assembly or growth processes [28–30, 40–46]. The inter-
action Vp(r, θk, θl) between two particles at a distance r
is composed of an isotropic Lennard-Jones-like pair po-
tential VLJ(r) = 
[
(r0/r)
2n − 2 (r0/r)n
]
multiplied with
an anisotropic angular term Va(θk, θl), i.e. Vp(r, θk, θl) =
VLJ(r) · Va(θk, θl) for r > r0 and Vp(r, θk, θl) = VLJ(r)
otherwise. Note that the patches only act starting at the
surface, i.e. for r > r0. The Lennard-Jones-like part pos-
sesses one local minimum at r = r0 and the exponent n
determines the width of the minimum. Note that we con-
sider a radial Lennard-Jones-like part that is broader than
the normal Lennard-Jones potential with n = 6, because
for n = 6 the suppression of nearest neighbor distances
that differ from the one favored length scale r0 seems to
be too strong to allow the stabilization of quasicrystals
different from dodecagonal structures, where all triangles
and squares that occur have the side length r0.
The angular term Va(θk, θl) models the attractive
patches. We use Va(θk, θl) = e
−(θ2k+θ2l )/(2σ21) +
e−(θ
2
k+θ
2
l )/(2σ
2
2), where θk and respectively θl denote the
angles between the nearest patch of particle i and respec-
tively j to the bond rij between particle i and j (see fig.
1(c)). In fig. 1 (a) and (b) we illustrate the complete po-
tential as a function of the distance and respectively the
angle between the patches. As a slight modification from
recent works [28–30, 40–46] our angular part consists of
two terms with two patch widths σ1 and σ2. Thus, we
can model a narrow patch width σ1, while the superposed
attraction with a broad patch width σ2 ensures that the
patches still find each other within a reasonable time. Note
that the broad patches do not influence the final structure.
We will see in the next section that narrow patches (i.e.
small σ1) are required to stabilize octagonal and decago-
nal quasicrystals. The potentials are truncated and shifted
appropriately at 3r0.
We model two-dimensional systems of N particles by
employing Metropolis Monte-Carlo simulations with peri-
odic boundary conditions in the NV T -ensemble. If not
stated otherwise conventional displacement moves and ro-
tation moves are proposed with the same probability. Sim-
ulations are started either with random positions of the
particles or with particles placed on an ideal lattice. An
ideal decagonal arrangement is obtained from the maxima
of the interference pattern of five laser beams [10, 47, 48].
An ideal octagonal lattice is received from substitution
rules [49]. In case of random initial positions the orien-
tations of the particles are also chosen randomly. In the
ideal lattices the patches are oriented towards each other.
We use several analysis tools to characterize the or-
der of the structures that the patchy colloids adopt and
to identify quasicrystals. For the analysis of the rota-
tional symmetry we calculate the structure factor S(q) =
1
N
∑
j
∑
k exp[2piiq(rj − rk)]. Furthermore, the bond-
orientational order parameter for a particle j is ψm(rj) =
1
Nk
∑
exp(imθjk) and characterizes the structures accord-
ing to a given rotational symmetry m, e.g. m = 10 to test
for decagonal symmetry. The sum runs over all neighbor-
ing particles k with a distance of the short length scale.
θjk denotes the angle between the bond from particle j
to k and an arbitrary direction. In addition, the angular
distribution function g(φ) counts how often bond angles
between nearest neighbor particles occur.
Results. – We first model particles with 10 symmet-
rically arranged patches with the aim to stabilize decago-
nal quasicrystals. Ideal decagonal structures possess two
characteristic length scales d0 and d1 = τd0 ≈ 1.618d0,
where τ denotes the golden mean. In our simulations,
however, we can only support one length by the poten-
tial minimum. From previous works [28–30] we know that
dodecagonal quasicrystals can be stabilized with patchy
colloids when the short length is supported. Therefore,
here we also apply r0 = d0. We choose a small exponent
n = 2 which causes a broad potential minimum. Thus, the
low gradient reduces the energy of the long length scale.
For the attraction that is used to support the fast finding
of bonds, we employ a broad width σ2 = 0.23. σ2 is chosen
in a way that the surface area covered by patches is sim-
ilar like in previous works [28–30]. To model the actual
patches we use a different width σ1 that is varied. The
temperature reads T = 0.2 which is below the melting
temperature but large enough to allow for sufficient mo-
bility of the particles. The density of a perfect decagonal
tiling is chosen, i.e. ρ = N/A ≈ 0.63/r20, where A denotes
the size of the simulation box.
As starting configurations, we consider perfect decago-
nal, hexagonal, square, and random configurations. After
simulations over 2·108 Monte-Carlo steps the energy of the
final structures scatter around constant values. Typical fi-
nal structures obtained for initial decagonal and random
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Fig. 2: Configurations of N = 644 particles obtained from simulations with an initial decagonal quasicrystal (upper row) and
an initial random configuration (lower row). We vary the patch width σ1 = 0.005 (first column), σ1 = 0.03 (second column),
σ1 = 0.10 (third column) and σ1 = 0.20 (fourth column). Further potential parameters read σ2 = 0.23, n = 2, r0 = d0 and we
model colloids furnished with 10 patches. The color code illustrates the bond-orientational order parameter |ψ10|. The insets
depict the corresponding structure factors. The graphs below the configurations show the corresponding angular distribution
functions. The black lines serve as guide to the eye and indicate ideal decagonal bond angles, i.e. 2pij/10, j = 1, . . . , 10. All
simulations were performed at T = 0.2.
configurations are illustrated in fig. 2 for various patch
widths σ1. Particles are colored according to their local
bond-orientational order parameter |ψ10|. Structure fac-
tors are depicted as insets and the angular distributions
are shown below each configuration.
At very narrow patch widths σ1 = 0.005 it is difficult
for the patches to find each other and the initial decagonal
tiling is destroyed. At σ1 = 0.03 the decagonal tiling re-
mains stable. The structure factor provides clear decago-
nal symmetry and the angular distribution shows sharp
peaks. The bond-orientational order is maximal. Note
that only particles close to contact are considered in the
calculation of |ψ10| such that central particles appear yel-
low. Particles with short distances to their neighbors are
stabilized by the potential minimum in combination with
the correct orientation. The long characteristic distance
of a decagonal quasicrystal either occurs within a pen-
tagon with the short distance as side length or as distance
between a central particle in a decagon with the short
length as side length. Pentagons and decagons are sup-
ported by the favored binding angles of pi/5 and 2pi/5.
At increased patch widths bond angles deviate from the
decagonal symmetry. The particles start to slightly rear-
range at σ1 = 0.1. Peaks of the angular distribution are
broadened and order decreases. At σ1 = 0.2 a dense phase
with predominant distances of r0 and angles of approxi-
mately 45◦ and 66◦ forms.
Applying the given protocol with initial random config-
urations, particles do not arrange to decagonal quasicrys-
tals at any patch width. At σ1 = 0.03 most particles build
a dense periodic structure. We observe angles with 72◦
and 108◦ that in principle could also appear in patterns
with decagonal symmetry and an additional angle with
54◦. Only a few elements of a decagonal tiling are found.
At intermediate patch width σ1 = 0.1 this phase competes
with an Archimedean (3342) tiling. For initial hexagonal
and square phases we obtain similar final configurations.
In the following we test which structures are energeti-
cally favored by the employed potential. We apply an ideal
decagonal, square and hexagonal tiling each with density
ρ ≈ 0.63/r20 and depict the average potential energy per
particle 〈E/N〉 as a function of the patch width σ1 in fig.
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Fig. 3: Average potential energy per particle of an ideal decago-
nal, square and hexagonal tiling as function of the patch width
σ1. Further potential parameters read σ2 = 0.23, n = 2, r0 =
d0 and we model colloids with 10 patches.
3. At low patch widths σ1 ≤ 0.2 the ideal decagonal tiling
is energetically favored. Increased patch widths allow for
deviations from the decagonal angles and 〈E/N〉 decreases
for all structures. At σ1 > 0.2 the hexagonal tiling is en-
ergetically preferred.
We now model particles with 8 symmetrically arranged
patches and try to stabilize quasicrystals with octagonal
symmetry. Ideal octagonal structures possess the lengths
l0 = 2 sin(pi/8)l1 ≈ 0.77l1 and l1. In our simulations we
support l1, i.e. we chose r0 = l1. In case of r0 = l0 oc-
tagonal structures would be destroyed as will be shown
in the next paragraph. Further potential parameters read
n = 3 and σ2 = 0.29, while σ1 is varied. Note that σ2 is
larger than for particles with 10 patches in order to cover
the same area with patches. We adjust a particle den-
sity ρ ≈ 1.21/r20 of a perfect octagonal Ammann-Beenker
tiling. Simulations are started with an ideal octagonal or
a square tiling and last 5 · 108 Monte-Carlo steps. Fig. 4
depicts final configurations at T = 0.3. The temperature
ensures mobile particles below melting.
As for particles with 10 patches the structures show low
positional and orientational order at narrow patch width
σ1 = 0.005. At σ1 = 0.02 the octagonal quasicrystal re-
mains stable and the angular distribution function shows
sharp peaks. As for the decagonal quasicrystal, the struc-
ture is stabilized by the supported length scale in com-
bination with the orientational part. At σ1 = 0.15 the
ideal tiling dissolves and the peaks broaden. Broad patch
widths σ1 > 0.2 cause a coexistence of a square and zigzag
phase with a predominant length r0. The zigzag phase is a
periodic lattice that consists of the same rhombs as in the
Ammann-Beenker tiling. Zigzag and square phase both
support angles of an octagonal tiling. The desired density
is reached by a coexistence of both phases.
The initial square phase does not arrange to an octago-
nal tiling at any patch width. Instead, parts of the square
lattice rearrange into the denser zigzag phase. The num-
ber of rearranging particles increases with the patch width.
Only a few local octagonal elements are found. We also
perform the simulations with initial zigzag and random
phases. The final structures are similar like the ones ob-
tained from initial square phases.
Fig. 5 illustrates the average potential energy per parti-
cle 〈E/N〉 of a perfect octagonal, square and zigzag lattice
as a function of the patch width σ1. All structures have the
density ρ ≈ 1.21/r20 of a perfect octagonal tiling. At low
patch widths σ1 ≤ 0.15 the perfect octagonal quasicrys-
tal is clearly energetically favored, while at larger patch
widths the zigzag phase possesses the lowest energy.
We now study the arrangements of particles when the
potential minimum is varied and another length scale is
supported. To test structures with decagonal symmetry
we support the long length with r0 = d1. Further simula-
tion parameters remain unchanged. We choose σ1 = 0.03
for which the ideal decagonal tiling is stabilized in case
of r0 = d0. In our simulations, we do not obtain decago-
nal structures, i.e., neither an ideal quasicrystal remains
stable, nor a random configuration self-assembles into a
quasicrystal. However, in both cases the final configura-
tions contain some decagonal motifs and pentagons. The
structure factor indicates these motifs as illustrated in fig.
6 (a). Patches are illustrated by arms around the particles.
Patches of particles that are separated by the long length
are oriented towards each other. Patches of particles with
shorter distance do not obey the correct orientation.
In the case of particles with 8 patches we have so far
supported the long length r0 = l1 and now will test to
support the short length, i.e. r0 = l0. Further parameters
are kept as before, and we choose σ1 = 0.02. Independent
of the initial configuration the particles arrange to dense
square tilings with distances r0 between nearest neighbor
particles and with voids as shown in fig. 6 (b) for N = 392
particles. Note that the 8-fold symmetry suggested by the
structure factor results from domains of square tilings that
are rotated against each other.
So far we have found metastable octagonal or decago-
nal quasicrystals. These structures can be observed if the
simulations are started with the respective structures. In
the following we check if we can obtain quasicrystals with
octagonal or decagonal symmetry from a random initial
state. We first model colloids furnished with 10 patches.
We choose the same potential parameters as in previous
simulations and stabilize the short length d0. Simulations
with a low temperature T = 0.04 result in elements of
a decagonal tiling (see fig. 7 (a)) and indications of a
decagonal symmetry provided by the structure factor (in-
set of fig. 7 (a)). We increase the temperature of this con-
figuration to T = 0.25. Beside conventional displacement
and rotation moves we propose additional jumps that can
correspond to phasonic flips, i.e. rearrangements within
quasicrystals that do not change or at least almost not
change the total energy of the structure [5–8]. Such flips
are implemented by proposing displacements in a random
direction with the distance dflip = d1 − d0 at which flips
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Fig. 4: Configurations of N = 1393 particles obtained from simulations with an initial octagonal Ammann-Beenker tiling (upper
row) and an initial square configuration (lower row). We vary the patch width σ1 = 0.005 (first column), σ1 = 0.02 (second
column), σ1 = 0.15 (third column) and σ1 = 0.25 (fourth column). Further potential parameters read σ2 = 0.29, n = 3, r0 =
l1 and we model colloids furnished with 8 patches. The color code illustrates the bond-orientational order parameter |ψ8|.
The insets depict the corresponding structure factors. The graphs below the configurations show the corresponding angular
distribution functions. The black lines serve as guide to the eye and indicate ideal octagonal bond angles, i.e. 2pij/8, j = 1, . . . , 8.
The dashed black lines indicate angles in between, i.e. 67.5◦ and 112.5◦. All simulations were performed at T = 0.3.
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Fig. 5: Average potential energy per particle of a perfect octag-
onal, square and zigzag tiling as function of the patch width σ1.
Further potential parameters read σ2 = 0.29, n = 3, r0 = l1
and we model colloids with 8 patches.
usually occur. We propose such possible phasonic flip
steps with a probability of p = 0.2. We obtain a qua-
(a) (b)
Fig. 6: Variation of the potential length scale r0. We depict
configurations of particles with (a) 10 patches and supported
length r0 = d1 and (b) 8 patches and supported length r0 = l0.
The illustrated configurations are obtained from simulations
with random initial states. Patches are indicated by arms
around the particles. Structure factors are shown as insets.
sicrystalline arrangement of particles as illustrated in fig.
7 (b). The patches indicated by arms around the particles
are nicely oriented towards each other. The long length
p-5
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Fig. 7: Configurations of N = 191 particles with 10 symmetrically arranged patches at the surface. Patches are illustrated by
arms. Starting from the fluid we simulate the system at (a) T = 0.04 and increase the temperature to (b) T = 0.25 and (c)
T = 0.4. The potential parameters read σ1 = 0.03, σ2 = 0.23, n = 2, r0 = d0. The insets show the structure factors of the
corresponding configurations.
scale is supported indirectly by the energy gain provided
by the angular term. However, we observe an excess of the
short length compared to the ideal tiling and voids arise.
The structure is metastable and increased temperatures
lead to a transition to a triangular phase as depicted for
T = 0.4 in fig. 7 (c).
In case of colloids with 8 patches we also apply the po-
tential parameters as in previous investigations and sta-
bilize the long length l1. Even for low temperatures the
particles arrange to a square tiling. Patches are oriented
towards the patches of nearest and next nearest neigh-
bors. Since square tilings are also supported by 8 patches,
it is hard to build an octagonal quasicrystal. For temper-
atures T < 10−4 we obtain random frozen arrangements
that again turn into square tilings at increased tempera-
tures.
Conclusions. – We have studied how quasicrystals
can be stabilized in patchy colloidal systems in two di-
mensions. Even though only one typical length can be
supported by the potential minimum, the quasicrystalline
order with two incommensurate lengths is induced by an
additional anisotropic contribution. While it is known
that dodecagonal orderings can be easily found even in
systems in which the number of patches seems not to fit
to the 12-fold symmetry [28–30], octagonal and decago-
nal quasicrystals seem to be harder to realize in soft mat-
ter systems. Here we have shown that one needs narrow
patches corresponding to sharply enforced preferred bind-
ing angles in order to stabilize quasicrystals with 8- or
10-fold symmetry. We have shown that these structures
are energetically favored in case of narrow patches and
that they can stay stable in Monte-Carlo simulations that
have been started with the respective patterns.
We have also shown that decagonal quasicrystals can
be obtained from random initial conditions by cooling and
subsequent reheating. Therefore, there are protocols that
can be used to receive these quasicrystals as metastable
structures. However, it remains an open question whether
octagonal or decagonal structures might exist in thermal
equilibrium in systems with patchy colloids (maybe with
modified potentials).
Our results contribute to a better understanding of why
metallic quasicrystals do not possess dodecagonal symme-
try as often as soft matter quasicrystals [18]. The reason
might be due to preferred binding angles that are usu-
ally given in a very sharp way in case of metallic sys-
tems. Note that our findings are consistent with exper-
imental results of quasicrystals in metallic alloys. Most
stable metallic quasicrystals possess icosahedral symme-
try. Also a few decagonal phases have been observed,
while octagonal structures provide least examples and are
usually metastable [12].
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